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Abstract
A conformal coupling of the metric in the Jordan frame to the energy-momentum tensor, screens
the scalar field gravitational coupling strength G in modified gravity (MOG). The scalar field acquires
a mass which depends on the local matter density: the scalar field particle is massive for the Sun and
earth, where the density is high compared to low density environments in cosmology and astrophysics.
Together with the screening of the vector field φµ, this guarantees that solar system tests of gravity are
satisfied. The conformal metric is coupled to the electromagnetic matter field and energy-momentum
tensor, screening G for the Sun and the deflection of light by the Sun and the Shapiro time delay in MOG
are in agreement with general relativity. For galaxies and galactic clusters the enhanced gravitational
coupling constant G leads to agreement with gravitational lensing without dark matter. For compact
binary pulsars the screening of G removes the monopole and dipole gravitational radiation modes in
agreement with the binary pulsar timing data.
1 Introduction
The Scalar-Tensor-Vector (STVG) modified gravitational (MOG) theory [1] has successfully explained the
rotation curves of galaxies [2] and the dynamics of galactic clusters [3], as well as describing the growth
of structure, the matter power spectrum and the cosmic microwave background (CMB) acoustical power
spectrum [4]. The modified Newtonian acceleration law obtained in the theory in the weak field, non-
relativistic approximation to the field equations, reduces to Newtonian gravity for the solar system describing
solar system experiments in agreement with general relativity (GR). A conformal metric g˜µν is introduced
with a screening mechanism dependent on the density of matter that suppresses the strength of gravitational
interaction described by the scalar field G, for compact, dense objects such as the Sun and earth, while
allowing for an increase of the gravitational interaction experienced by stars in galaxies and galactic clusters.
The null geodesic equation for photons determines photon paths in the Jordan frame conformal metric, and
in the Einstein frame metric the gravitational constant is screened, yielding the deflection of light by the
Sun, and the Shapiro time delay in agreement with GR. The enhanced gravitational interaction experienced
by photons in the lensing of galaxies and galactic clusters leads to agreement with gravitational lensing
data without dark matter. The screening of the gravitational constant G˜ can also be operative in MOG
cosmology for the calculation of the density perturbations [4]. The monopole and dipole gravitational wave
modes associated with the scalar and vector fields in MOG are screened away, leading to agreement with
binary pulsar timing.
1
2 MOG Field Equations
The MOG theory has a fully covariant action composed of scalar, vector and tensor fields [1]:
S = SG + Sφ + SS + SEM + SM . (1)
The components of the action are the Einstein gravity action (c = 1 and the metric signature is: (+1,−1,−1,−1)):
SG =
1
16pi
∫
d4x
√−g
[ 1
G
(R + 2Λ)
]
, (2)
and the massive vector field φµ action:
Sφ = −ω
∫
d4x
√−g
[1
4
BµνBµν − V (φµ)
]
, (3)
where Bµν = ∂µφν − ∂νφµ and V (φµ) denotes a potential for φµ. The action for the scalar fields G and µ is
SS =
∫
d4x
√−g
[ 1
G3
(1
2
gµν∇µG∇νG− V (G)
)
+
1
µ2G
(1
2
gµν∇µµ∇νµ− V (µ)
)]
. (4)
Here, ∇µ denotes the covariant derivative with respect to the metric gµν , ω is a dimensionless coupling
constant and V (G) and V (µ) denote potentials for the fields G and µ, respectively. In particular, we have
V (φµ) = −1
2
µ2φg
µνφµφν +W (φµ), (5)
where W (φµ) is the φµ self-interaction.
The energy-momentum tensor is defined as
Tµν = TMµν + Tφµν + TSµν + TEM , (6)
where
TXµν = − 2√−g
δSX
δgµν
, (X = [M,φ, S,EM ]). (7)
The electromagnetic (EM) action SEM is given by
SEM = −1
4
∫
d4x
√−gFµνFµν , (8)
where Fµν is the EM field and the EM energy-momentum tensor is
TEMµν = Fµ
αFνα − 1
4
gµνF
αβFαβ . (9)
Moreover, the energy-momentum tensor for the φµ field is
Tφµν = ω
(
Bµ
αBνα − 1
4
gµνB
αβBαβ + gµνV (φ)− 2∂V (φ)
∂gµν
)
. (10)
A variation of the action with respect to gµν yields the field equations:
Gµν − gµνΛ +Qµν = 8piGTµν , (11)
where
Qµν = G
(
gαβΘ∇α∇βgµν −∇µ∇νΘ
)
, (12)
and where Θ(x) = G−1(x).
2
3 Conformal Metric Coupling with Screening
We are interested in screening models of modified gravity with screening features in dense environments due
to the non-linearity of the interaction potentials and their coupling strengths. Examples of such models are
chameleons [5], dilatons [6, 7, 8], scalar field pulsar timing [9] and symmetrons [10]. The action for the scalar
field G in Eq.(4) can be written as
Sχ =
∫
d4x
√−g
(
1
2
gµν∇µχ∇νχ− V (χ)
)
, (13)
where χ is related to G in (4) by 1/G = χ2/2. The conformal metric in the Jordan frame g˜µν and its
determinant g˜ are connected to gµν and g in the Einstein frame by the conformal transformation:
g˜µν = A
2(χ)gµν , g˜ = Detg˜µν = A
8(χ)g, (14)
whereA2(χ) is the conformal factor. The matter fields ψi in the matter action, SM = SM [ψ
i, g˜µν ], are coupled
to the conformal metric g˜µν . The total energy-momentum tensor satisfies the conservation law [6, 7]:
∇µT µν = d lnA(χ)
dχ
(gµνT − T µν)∇µχ, (15)
where T = gµνTµν .
The equation of motion for the field χ coupled to the matter energy-momentum tensor TMµν is given in
the Einstein frame by
χ = −h(χ)TM + ∂V (χ)
∂χ
, (16)
where TM = g
µνTMµν = ρM − 3pM , and where ρM and pM denote the density and pressure of matter,
respectively. Eq.(16) corresponds to to “bare” scalar field χ potential replaced by a new effective potential:
Veff(χ) = V (χ)− (A(χ) − 1)TM . (17)
Here, Veff(χ) can have a global minimum in the background geometry dominated by dust matter for which
TM = ρM , pM = 0 and χmin = χmin(ρM ). The mass of the scalar field χ at the minimum, χmin, is defined
by
m2χ =
d2Veff(χ)
dχ2
∣∣∣
χ=χmin
> 0. (18)
We have
V (χ) = −1
2
µ2χχ
2 +W (χ), (19)
where W (χ) is a self-interaction potential.
The metric for the dust fluid in the weak field limit and in the Newtonian gauge has the form:
ds2 = (1 + 2Φ)dt2 − (1− 2Φ)dx2, (20)
where Φ is the modified (MOG) gravitational potential:
Φ(x) = −GN(1 + α)
∫
d3x′
ρ(x′)
|x− x′| + αGN
∫
d3x′
ρ(x′)
|x− x′| exp(−µφ|x− x
′|). (21)
Consider a point mass M embedded in a homogeneous background density as the source of gravity. The
motion of a non-relativistic massive particle in the modified gravitational potential (21) is screened when
µφ|x−x′| ≪ 1. The motion of an ultra-relativistic massless photon is not screened by the potential (21), for
the effect of the repulsive vector field φµ is insignificant for a photon path [12]. To resolve this problem, we
couple the conformal metric g˜µν to the EM field Fµν and the EM energy-momentum tensor (9). Now, for
the ultra-relativistic massless photon, the strength of the gravitational coupling is screened by the effective
gravitational constant G˜ due to the mass mχ(ρ) screening mechanism.
3
We have two operative screening mechanisms in MOG that complement one another. One is due to the
repulsive Yukawa force mediated by the vector field φµ, while the second is mediated by the attractive scalar
field χ (or G) Yukawa force. The screening due to the density dependent χ field and the φµ vector field
can screen the local gravitational field in the vicinity of the Sun and earth, guaranteeing the correct value
for the deflection of light by the Sun (see next Section), and laboratory equivalence experiments on earth.
It can also screen the gravitational radiation emitted indirectly by the binary pulsar PSR 1913-16, thereby
screening away possible monopole and dipole radiation modes in the wave zone.
4 Geodesic Equation for the Photon
The geodesic equation for the photon in the Jordan frame is given by
k˜µ∇˜µk˜ν = 0, (22)
where k˜µ = g˜µνkν , k˜
2 = g˜µν k˜
µk˜ν = 0 and ∇˜µ denotes the covariant derivative with respect to the conformal
metric g˜µν . From (22) we have
dk˜µ
dλ
+ Γ˜ναβ k˜
αk˜β = 0, (23)
where λ is an affine parameter along the photon path and dτ2 = 0 for the proper time τ . We have
Γ˜αδγ =
1
2
g˜αβ(∂γ g˜δβ + ∂β g˜δγ − ∂δ g˜βγ), (24)
and we have
∂µg˜µν = ∂µ[A
2(χ)gµν ]. (25)
The conformal coupling of the metric to TEMµν can be interpreted in MOG as a screening of the gravi-
tational coupling constant G in the Einstein frame for φµ ∼ 0:
G˜ = C(χ(ρ))G. (26)
We can express this in the form [1, 11]:
G˜ = C(α(ρ))GN (1 + α), (27)
where
α =
(G∞ −GN )
GN
. (28)
The scalar field χ (or G field) particle is a chameleon-like particle [5] with mass mχ ∝ ρnM where n ∼ 1.
The density ρM is determined by the trace of the energy-momentum matter tensor TM .
For a point mass M the effective gravitational potential experienced by the photon is given by
Φeff =
G˜(χ(ρ))M
r
=
GNM
r
[1 + 2h2(χ) exp(−µχr)]. (29)
The second term in the brackets is a Yukawa-type potential (modified-force potential) obtained from the
χ potential solution for a non-zero χ field mass mχ. If µχr ≫ 1 or h(χ) ≪ 1 the local constraints of the
modification of Newtonian and GR gravity are strongly suppressed. On the other hand, if µχr ∼ O(1) or
h(χ) ∼ O(1), then the deviation of the photon from its Newtonian and GR path can be significant. For an
extended distribution of matter (29) becomes
Φeff = GN
∫
d3x′
ρ(x′)
|x− x′| [1 + 2h
2(χ) exp(−µχ|x− x′|)]. (30)
4
5 Deflection of Light in MOG
We shall take the point particle Schwarzschild solution as the solution to the geodesic equation, valid in
MOG for sufficiently large r [11]:
dτ2 =
(
1− 2G˜M
r
)
dt2 − dr
2
1− 2G˜Mr
− r2d2Ω, (31)
where d2Ω = dθ2 + sin2 θdφ2. We have chosen the Einstein frame metric gµν with G˜ given in (26) and (29)
as the effective gravitational coupling constant. We will also employ the geodesic equation in the Einstein
frame:
dkµ
dλ
+ Γναβk
αkβ = 0. (32)
The metric (31) is approximately valid for G˜ ∼ constant. In the solar system G˜ = GN , while the screening
ceases to be operative in galaxies and galactic clusters and G˜ ∼ GN (1 + α).
We choose θ = pi/2 and assume initially that the photon mass mγ 6= 0. We have the constants of
motion [13]:
E
mγ
=
(
1− 2G˜M
r
)
dt
dτ
, (33)
and
L
mγ
= r2
dφ
dτ
, (34)
where E and L denote the energy and the angular momentum, respectively.
From (33) and (34) we obtain:
dt2 =
(
E/mγ
)2
(
1− 2G˜M/r
)2 dτ2, (35)
and
dφ2 =
(
L
mγ
)2
1
r4
dτ2. (36)
The equation of the particle orbit is given by
(
1
r2
dr
dφ
)2
=
(
E
L
)2
−
(
1− 2G˜M
r
)[(
mγ
L
)2
+
1
r2
]
. (37)
We now set the photon mass to zero, mγ = 0, and we get
(
1
r2
dr
dφ
)2
=
(
E
L
)2
−
(
1− 2G˜M
r
)
1
r2
. (38)
We now find that for L = kb where b is the impact parameter and L/E = b for E = k:
(
1
r2
dr
dφ
)2
=
(
1− 2G˜M
R
)
1
R2
−
(
1− 2G˜M
r
)
1
r2
, (39)
where R is the distance of closest approach of the light ray. We obtain the equation for the light ray
trajectory:
dφ = dβ
[
1− 2G˜M
R
(
cosβ +
1
1 + cosβ
)]−1/2
, (40)
where cosβ = R/r.
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The total variation of the azimuth φ along the path of the photon is given by
φ = 2
∫ 1/2
0
dβ
[
1 +
G˜M
R
(
cosβ +
1
1 + cosβ
)]
= pi +
4G˜M
R
. (41)
This gives the angle of deflection ∆φ with respect to the straight line:
∆φ =
4G˜M
R
. (42)
We now use (27) to give
∆φ =
4G˜M
R
=
4C(α(ρ))GN (1 + α)M
R
. (43)
For large scale objects such as galaxies and galactic clusters, C(α(ρ)) ∼ 1, while for dense, compact objects
like the Sun: C(α(ρ)) ∼ 1/(1 + α), yielding for the Sun’s deflection of light:
∆φ =
4GNM⊙
R
, (44)
in agreement with the GR prediction, ∆φ = 1.75′′.
6 Lensing
In situations where the modified gravitational theory is approximated by weak gravity, the deflection of light
due to a spatially extended mass can be written as a sum over point masses. In the continuum limit, we
have [14]:
α(ξ) = 4G˜
∫
d2x′
∫
dzρ(x′, z)
(ξ − x′)
|ξ − x′|2 , (45)
where z denotes the coordinate along the line-of-sight, and ξ − x′ = b is the vector impact parameter.
In the case when the distances between the source, lens and observer are much larger than the size of
the lens, i.e., the “thin lens” limit the projected mass density is
Σ(ξ) =
∫
dzρ(ξ, z), (46)
and the deflection angle is given by
α(ξ) = 4G˜
∫
d2x′
(ξ − x′)Σ(x′)
|ξ − x′|2 . (47)
The κ-convergence is defined by
κ(θ) =
Σ(Dlθ)
Σcrit
, (48)
where the critical surface density is
Σcrit =
Ds
4piG˜DlsDl
. (49)
Here, Dls is the distance from the lens to the source, Ds is the distance from the observer to the source,
while Dl is the distance from the observer to the lens. The deflection angle can now be expressed as:
α(θ) =
1
pi
∫
d2θ′
(θ − θ′)κ(θ′)
|θ − θ′|2 . (50)
The κ-convergence can be written as:
κ(θ) =
1
2
∇2ψ(θ), (51)
6
where ψ(θ) is the deflection potential.:
ψ(θ) =
2Dls
DlDs
∫
dzΦ(Dlθ, z), (52)
and where Φ is the MOG potential (21).
Fig.1. Distances and angles involved in a gravitational lens system.
7 Conclusions
The scalar field G(x) as well as the vector field φµ(x) play a fundamental role in modified gravity (MOG)
in determining gravitational interactions in early universe cosmology [4] and the present day dynamics of
galaxies and clusters of galaxies [2, 3]. The phion particle mass mφ associated with Proca vector field φµ
evolves from a neutral cold dark matter, pressureless particle in the early universe to an ultra-light hidden
and weakly coupled photon in the present universe with a mass mφ = 2.6 × 10−28 eV. The potentially
undetectable feature of the ultra-light hidden photon (phion) can explain the lack of success in detecting
dark matter candidates such as WIMPs and axions in the universe today [15, 16, 17, 18]. The STVG theory
(MOG) has successfully explained astrophysical data from the distance scale of the solar system to the scale
of galaxies and galactic clusters without exotic dark matter. However, the long range forces associated with
the scalar field G and the vector field φµ can lead to violations of local gravitational bounds for the solar
system and the binary pulsars. To avoid this problem, two screening mechanism mediated by the G and φµ
fields are designed to dynamically screen the forces associated with these fields in dense or high-curvature
environments.
We have demonstrated how the nonlinearities of the potential couplings of the scalar degree of freedom
prevent the scalar force from propagating freely in the presence of dense astrophysical objects such as the
Sun, earth and neutron stars. A conformal coupling of the metric g˜µν in the Jordan frame to the EM field
Fµν , and the screening of the gravitational coupling strength G˜ in the Einstein frame metric gµν , screens the
paths of photons, yielding agreement with the GR deflection of light rays grazing the limb of the Sun, and
agreement with laboratory tests of the equivalence principle on earth. Moreover, the screening mechanisms
screen away monopole and dipole gravitational radiation modes from sources such as binary pulsars and
colliding black holes. On the other hand, the coupling strength G˜ enhances the strength of gravity for
galaxy and cluster lensing, leading to agreement with observations, and, in particular, to agreement with
the bullet cluster data [19].
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